Inspired by an analogous result of Arnautov about isomorphisms, we prove that all continuous surjective homomorphisms of topological groups f : G → H can be obtained as restrictions of open continuous surjective homomorphisms f : G → H, where G is a topological subgroup of G. In case the topologies on G and H are Hausdorff and H is complete, we characterize continuous surjective homomorphisms f : G → H when G has to be a dense normal subgroup of G.
Introduction
In [2, Theorem 1] Arnautov showed that for every continuous isomorphism f : (G, τ ) → (H, σ) of topological groups, there exist a topological group ( G, τ ) containing G as a topological subgroup and an open continuous homomorphism f : ( G, τ ) → (H, σ) extending f . Moreover he noted that such a pair ( G, f ) needs not always exist under the additional assumption that G is a normal subgroup of G. So in [2, Definition 2] the author defined a continuous isomorphism f : (G, τ ) → (H, σ) of topological groups to be semitopological if there exist a topological group ( G, τ ) containing G as a topological normal subgroup and an open continuous homomorphism f : ( G, τ ) → (H, σ) extending f (the counterpart of this definition for topological rings was given in [1] ). If f : G → H is a group homomorphism, denote by Γ f the graph of f , that is the subgroup Γ f = {(g, f (g)) : g ∈ G} of G × H. Using explicitly the graph of a continuous surjective group homomorphism f : G → H we can prove [2, Theorem 1] in a much simpler way and even generalize it weakening the hypothesis on f (in our theorem f is a homomorphism while in [2, Theorem 1] f was an isomorphism) and achieving G to be a closed subgroup of G, in case the topology on the codomain is Hausdorff. Proof. Define G = G × H and τ = τ × σ. It follows from [4, Remark 2.12 ] that (G, τ ) is topologically isomorphic to (Γ f , τ ↾ Γ f ) (the topological isomorphism is j : G → Γ f defined by j(x) = (x, f (x)) for every x ∈ G). The canonical projection p 2 : ( G, τ ) → (H, σ) is an open continuous homomorphism extending f and so we take f = p 2 . If (H, σ) is Hausdorff, (Γ f , τ ↾ Γ f ) is a closed subgroup of ( G, τ ) by the closed graph theorem.
Inspired by this result we give the counterpart of [ Let S be the class of all semitopological homomorphisms and S i the class of all semitopological isomorphisms. Obviously S i ⊆ S.
To formulate the main theorem of [2] characterizing semitopological isomorphisms, we recall the following concept: for a neighborhood U of the neutral element e G of a topological group G call a subset M of G (left) U -thin if {x −1 U x : x ∈ M } is still a neighborhood of e G . We give some properties of U -thin sets in §3.
For a topological group (G, τ ) we denote by V (G,τ ) (e G ) the filter of all neighborhoods of e G in (G, τ ). Theorem 1.3. [2, Theorem 4] Let (G, τ ), (H, σ) be topological groups and f : (G, τ ) → (H, σ) a continuous isomorphism. Then f is semitopological if and only if for every U ∈ V (G,τ ) (e G ) (a) there exists V ∈ V (H,σ) (e H ) such that f −1 (V ) is U -thin; (b) for every g ∈ G there exists V g ∈ V (H,σ) (e H ) such that [g, f −1 (V g )] ⊆ U .
In this case of continuous isomorphisms it is possible to consider without loss of generality the same group G as domain and codomain, endowed with two different group topologies τ ≥ σ and as continuous isomorphism the identity map 1 G of G. In fact, if f : (G, τ ) → (H, η) is a continuous isomorphism of topological groups, then the topology σ = f −1 (η) on G is coarser than τ and so 1 G : (G, τ ) → (G, σ) is a continuous isomorphism and (G, σ) is topologically isomorphic to (H, η). In particular 1 G : (G, τ ) → (G, σ) is semitopological if and only if f : (G, τ ) → (H, η) is semitopological. So the following is an equivalent form of Theorem 1.3. Theorem 1.4. Let G be a group and τ ≥ σ group topologies on G. Then 1 G : (G, τ ) → (G, σ) is semitopological if and only if for every U ∈ V (G,τ ) (e G ) (a) there exists V ∈ V (G,σ) (e G ) such that V is U -thin; (b) for every g ∈ G there exists V g ∈ V (G,σ) (e G ) such that [g, V g ] ⊆ U .
The aim of this paper is to generalize these and most of the remaining results of [2] to semitopological homomorphisms. To find a complete characterization of semitopological homomorphisms has turned out to be a non-trivial problem.
However we find a complete characterization in a particular case, which is interesting on its own: as said before semitopological homomorphisms can also be viewed as restrictions f : G → H of open continuous surjective homomorphisms of topological groups f : G → H where G is a normal subgroup of G and f (G) = H. In this setting one can ask G to be a dense normal subgroup of G: In §2 we study d-semitopological homomorphisms. In this case considering Hausdorff group topologies simplify the problem and in fact, with the additional assumption that the codomain is complete, we find a complete characterization of d-semitopological homomorphisms in Theorem 1.6. For a subgroup H of a group G, N G (H) = {x ∈ G : xH = Hx} is the normalizer of H in G. If G is a Hausdorff topological group, we denote by G the two-sided completion of G. 
Moreover in Theorem 4.29 we prove that all these four properties are equivalent to semitopological for a continuous surjective homomorphism of topological groups f : G → H such that ker f is contained in the closure of e G in G. This assumption is quite strong, but continuous isomorphisms satisfy it and so we find again Theorem 1.3 as a trivial corollary.
In order to find some property equivalent to semitopological, we analyze the relations among all the properties in (1) . Some questions about these relations remain open and a positive answer to them would bring a more precise description of semitopological homomorphisms and their properties.
As a particular case of Theorem 1.3, a continuous isomorphism of topological groups f : (G, δ G ) → (H, σ) , where δ G is the discrete topology on G, is semitopological if and only if the centralizer c H (h) = {x ∈ H : [x, h] = e H } of h in H is σ-open for every h ∈ H [2, Corollary 5] (see Corollary 5.2) . In §5 we consider this particular case for homomorphisms, but we also prove some results in case the topology on the codomain is indiscrete.
Moreover we consider continuous surjective group homomorphisms with the properties in (1) in case the topologies on the domain and on the codomain are very close to be discrete or indiscrete.
In some of these particular cases we find examples and counterexamples clarifying the relations among the properties in (1) . This can give an indication of which direction we have to take.
Thanks to the characterization of Theorem 1.3 Arnautov proved that S i is stable under taking subgroups, quotients and products:
In §6 we prove (categorical) stability properties of the larger class S and of the new properties we introduce, extending substantially Theorems 1.7 and 1.8. In particular in Theorem 6.15(a) we prove that also S is stable under taking products:
If {f i : i ∈ I} if a family of continuous surjective group homomorphisms, then i∈I f i ∈ S if and only if f i ∈ S for all i ∈ I.
For (strongly) A-open and (strongly) A * -open we prove that also the converse implication holds. Consequently, since they coincide with semitopological for continuous group isomorphisms, we obtain as a bonus a new result, namely that the converse implication in Theorem 1.8 holds true.
About categorical properties, we prove that S i is closed under pullback along continuous injective homomorphisms and that the class of all A-open continuous surjective homomorphisms is stable under pushout with respect to open continuous surjective group homomorphisms (see Theorems 6.3 and 6.14 respectively). In these terms Theorem 1.7 says that S i is closed under pullback with respect to topological embeddings and under pushout with respect to open continuous surjective homomorphisms and so it becomes a corollary of our results.
As 
is a continuous surjective homomorphism and q : G → G/ ker f the canonical projection, then by the first homomorphism theorem for topological groups One of the most interesting results is Proposition 6.10 which shows that the class of strongly Aopen continuous surjective group homomorphisms is left cancelable. As a consequence we get that the class S i is left cancelable (see Theorem 6.11).
In §7 we sum up in a more detailed diagram the relations among the properties in (1) for continuous surjective group homomorphisms. We also collect there all open questions. Moreover we remind the open problems left in [2] about semitopological isomorphisms, that we discuss in a different paper [3] .
Notation and terminology
Let G be a group and x, y ∈ G. We denote by [x, y] the commutator of x and y in G, that is
is the subgroup of G generated by all commutators of elements of G. We denote the center of G by Z(G).
The function ∆ :
If H is another group, we call p 1 : G × H → G and p 2 : G × H → H the canonical projections on the first and the second component respectively.
Let τ be a group topology on G. If X is a subset of G, X τ stands for the closure of X in (G, τ ).
If N is a normal subgroup of G and q : G → G/N is the canonical projection, then τ q is the quotient topology of τ on G/N . Moreover N τ denotes the subgroup {e G } τ . The discrete topology on G is δ G and the indiscrete topology on G is ι G . For a Hausdorff topological group G we denote by G the completion of G. A group G is complete if G = G. Let us note that in particular every complete group is Hausdorff. For undefined terms see [6, 7] .
Dense extensions
We discuss here the problem of characterizing d-semitopological group homomorphisms in the class of Hausdorff topological groups.
contains (G, τ ) as a dense normal topological subgroup and there exists an open continuous homomor-
Let (G, τ ), (H, σ) be Hausdorff groups. Every continuous surjective homomorphism f : (G, τ ) → (H, σ) can be extended to a continuous homomorphism of the completions f :
The following fact is due to Grant. 
Thin sets
In the introduction we have defined U -thin sets M of a topological group G, where U is a neighborhood of e G in G. The subsets M of G that are U -thin for every U are precisely the thin sets in the sense of Tkachenko [10, 11] . For example compact sets are thin.
The concept of U -thin subset of a topological group G is not symmetric and it is possible to give the symmetric definition of right U -thin set. Note that for every symmetric subset (for example for every subgroup) of G the two concepts coincide. Moreover M is a left U -thin subset if and only if M −1 is a right U -thin subset. Note that M is U -thin if and only if there exists a neighborhood
Lemma 3.1. Let G be a topological group, U, V neighborhoods of e G in G and M ⊆ G. Then:
Consequently, for a topological group G and a neighborhood U of e G in G, the family
Lemma 3.2. Let G be a topological group, N a normal subgroup of G and q : G → G/N the canonical projection. Moreover let U be a neighborhood of e G in G and M ⊆ G.
If τ is a linear group topology on a group G, then (G, τ ) is SIN. A group G is SIN if and only if G is thin. The next lemma shows that for SIN groups the characterization given by Theorem 1.3 is simpler, because condition (a) is always verified since a SIN group G is thin, and so only condition (b) remains.
Lemma 3.4. Suppose that the topological group (G, τ ) is SIN. Then a continuous isomorphism f : (G, τ ) → (H, σ), where (H, σ) is a topological group, is semitopological if and only if for every U ∈ V (G,τ ) (e G ) and for every g ∈ G there exists
Internal approximations for semitopological homomorphisms
Let f : (G, τ ) → (H, σ) be a continuous surjective homomorphism of topological groups. Inspired by Theorem 1.3 we try to find some condition internal to the groups G and H to describe when f is semitopological. The advantage of these internal conditions is obvious. To do this we introduce some concepts which turn out to be equivalent to semitopological for continuous isomorphisms.
First we give some definitions and basic properties. In the next proposition we give the first properties of the homomorphism associated to an Aextension of a semitopological homomorphism. This proposition generalizes [2, Proposition 3] to semitopological homomorphisms. Obviously a continuous surjective homomorphism is semitopological if and only if it has an Aextension.
In the proof of Theorem 1.3 an A-extension of a continuous isomorphism of topological groups
We do an analogous construction in Definition 4.5 and use it in the proof of Theorem 4.20. Definition 4.3. Suppose that G, H are groups and f : G → H is a surjective homomorphism. A section is an injective function s : H → G such that f (s(h)) = h for every h ∈ H and s(e H ) = e G .
For a surjective group homomorphism there exists always a section. 
where
In case F s,(τ,σ) is a base of the neighborhoods of (e G , e H ) in G × H of a group topology on G × H, then we denote this group topology by α s (τ, σ).
Proof. Consider G × N endowed with the group topology
In the introduction we have used the graph of a surjective homomorphism of topological groups f : (G, τ ) → (H, σ) to find a topological group ( G, τ ) of which (G, τ ) is a topological subgroup and an open continuous homomorphism f : ( G, τ ) → (H, σ) extending f : in fact we have taken G = G × H with the product topology and f = p 2 , since Γ f endowed with the topology inherited from G × H is topologically isomorphic to (G, τ ). But the graph is not helpful when we ask G to be also normal in G, because the graph is a normal subgroup of G × H in a very particular case, as we show in the next remark. Anyway it helps in finding a first sufficient condition for a continuous surjective homomorphism to be semitopological (see Corollary 4.8).
Remark 4.7. Let G, H be groups and f : G → H a homomorphism. If H is abelian, then Γ f is a normal subgroup of G × H. If f is surjective, then Γ f is a normal subgroup of G × H if and only if H is abelian. Theorem 1.1 and Remark 4.7 imply the following corollary that gives a sufficient condition for a continuous surjective group homomorphism to be semitopological. 
A-open homomorphisms
Trying to find a characterization of semitopological homomorphisms, we introduce the following concept, which for continuous group isomorphisms is equivalent to semitopological. In the case of continuous surjective group homomorphisms we prove in Theorem 4.12 that it is a necessary condition. 
There exists a symmetric
and
where g xg Definition 4.13. A map t : H → G between topological groups is a quasihomomorphism if t(e H ) = e G and the maps
• t y : H → G for every y ∈ H, obtained putting t y (h) = t(y)t(h)t(y) −1 t(yhy −1 ) −1 for every h ∈ H, are continuous at (e H , e H ) and e H respectively.
This definition is the counterpart of the definition of quasihomomorphism given in [8] for abelian groups. In fact, if H and G are abelian, t y is the identity map for every y ∈ H and the continuity of t ′ at (e H , e H ) is exactly the condition given in [8] .
If a map t : H → G between topological groups is a homomorphism or simply t is continuous at e H , then t is a quasihomomorphism.
is a quasihomomorphism if and only if it is a homomorphism. In fact, if t is a quasihomomorphism, then t ′ (H, H) = {e G } and t e H (H) = {e G }. Therefore t is a homomorphism.
Definition 4.16. Let (G, τ ) and (H, σ) be topological groups. A surjective homomorphism f :
If s is also a quasihomomorphism, f is strongly A * -open. Proof. There exists a section s of f that witnesses that f is A * -open. Let 
This means that yuy
which completes the proof. 
, then τ is the initial topology of τ q on G/ ker f . In this situation it is possible to think that U ∈ V (G,τ ) (e G ) is such that U = q −1 (q(U )), where q : G → G/ ker f is the canonical projection. Continuous isomorphisms trivially satisfy this condition. 
Proof. Let L = ker f and suppose without loss of generality that G = L ⋉ H; then f = p 2 and s : H → G, defined by s(h) = (e L , h) for every h ∈ H, is a section of f and a homomorphism. So it suffices to verify that s makes
Hence [g, s(V g )] ⊆ U and this completes the proof that f is strongly A * -open.
Example 5.6 shows that the existence of a section which is a quasihomomorphism of a continuous surjective group homomorphism f does not yield in general that f is A * -open. Theorem 4.20 is one of the main results of this paper. The technique used in its proof is inspired by that of the proof in [2] of Theorem 1.3. 
Taking x = s(y) and u = e G we get in particular s(y)s(v)s(y) −1 s(yvy −1 ) −1 ∈ U for every v ∈ V ′ and hence s y is continuous in e H . This proves that s is a quasihomomorphism. To prove that s makes f strongly A * -open it remains to prove that s makes
The continuity of s ′ at (e H , e H ) implies the continuity of s ′′ at e H because s(e H ) = e G . Since s ′′ is continuous at e H , so there exists a symmetric
Suppose that s ′ and s y (for every y ∈ H) are continuous at (e H , e H ) and e H respectively. We want to prove that the filter base F s,(τ,σ↾ N ) is a base of the neighborhoods of (e G , e
(1) There exist U ′ ∈ V (G,τ ) (e G ) and
is U ′ -thin; in particular there exists U ′′ ∈ V (G,τ ) (e G ) such that U ′′ ⊆ U ′ and xU ′′ x −1 ∈ U ′ for every x ∈ s(V ′′ ). Thanks to the continuity of s ′ at (e H , e H ) there exists V ′′′ ∈ V (N,σ↾ N ) (e H ) such that
(2) There exists U ′ ∈ V (G,τ ) (e G ) such that U ′ U ′ ⊆ U and U ′ is symmetric. As shown before, the continuity of s ′ at (e H , e H ) implies the continuity at e H of the previously defined s ′′ . Since s ′′ is continuous at e H , there exists
This completes the proof.
The next corollary is one of the most interesting results of this paper because it gives a sufficient condition for a continuous surjective homomorphism to be semitopological:
Proof. There exists a section s of f that makes f strongly A * -open. By Theorem 4.20 F s,(τ,σ) is a base of the neighborhoods of (e G , e H ) in G × H of a group topology α s (τ, σ). Then f is semitopological by Lemma 4.6.
The converse implication does not hold in general -see Example 5.13.
We have also the following corollary of Theorem 4.20. 
Strongly A-open homomorphisms
In this section we introduce another property stronger than A * -open:
From the definition we have directly that if f :
In particular ker f is U -thin for every U ∈ V (G,τ ) (e G ). The next theorem shows that for a continuous surjective homomorphims such that its kernel is contained in every neighborhood of the neutral element the four new conditions introduced are equivalent to semitopological. Theorem 1.3 is a corollary of the following theorem, since every continuous isomorphism trivially satisfies the assumption, as noted previously in Remark 4.18. As a consequence of Corollary 6.5, in Corollary 6.6 we add another equivalent condition to those of the next theorem. 
(b) f is A * -open if and only if there exists a section s of f such that for every U ∈ V (G,τ ) (e G ) and for every g ∈ G there exists
(c) f is strongly A-open if and only if for every U ∈ V (G,τ ) (e G ) and for every g ∈ G there exists
be a topological group and f = p 2 : (G, τ ) → (H, σ) be the canonical projection, where σ is a group topology on H such that σ ≤ σ ′ . Then the following are equivalent:
Moreover we have the following characterizations: 
If L is abelian also the following condition is equivalent to (a)-(c): 
(
ii) The homomorphism f is strongly A-open if and only if for every
Since this happens for every U ′ ∈ V (L,ρ) (e L ) and l ∈ L we can conclude that f is strongly A-open if and only if (L, ρ) is SIN, for every W ∈ V (H,σ ′ ) (e H ) there exists V ∈ V (H,σ) (e H ) such that V is W -thin and L ′ ⊆ N ρ , for every W ∈ V (H,σ ′ ) (e H ) and for every h ∈ H there exists
is strongly A-open if and only if for every W ∈ V (H,σ ′ ) there exists V ∈ V (H,σ) (e H ) such that V is W -thin and for every h ∈ H there exists
and W ∈ V (H,σ ′ ) (e H ). By (i) there exists V ∈ V (H,σ) (e H ) such that V is W -thin and so
In Proposition 6.4 we see that item (i) holds without any restriction on the continuous surjective group homomorphism f . Proof. (a) Let U ∈ V (G,τ ) (e G ). There exists V ∈ V (H,σ) (e H ) such that f −1 (V ) is f −1 (f (U ))-thin and for
(b) Let s be a section of f that witnesses that f is A * -open and let s q be a section of q. Then s * = s • s q is a section of f * . We prove that s * makes f * A * -open. Let U ∈ V (G,τ ) (e G ). There exists V ∈ V (H,σ) (e H ) such that s(V ) is U -thin and for g ∈ G there exists V g ∈ V (H,σ) (e H ) such that [g, s(V g )] ⊆ U . Since every section of q is continuous at e H/Nσ , there exist W, W g ∈ V (H/Nσ,σq) (e H/Nσ ) such that s q (W ) ⊆ V and
5 Specific cases
Discrete case and indiscrete case
In this section, for a continuous surjective homomorphism of topological groups f : (G, τ ) → (H, σ), we consider the particular cases when either τ = δ G or σ = ι H and see when f is semitopological in these situations. First we consider the case when the topology on the domain is discrete.
Remark 5.1. In [9] Taȋmanov introduced the topology T G on a group G: let F ∈ [G] <ω (i.e. F is a finite subset of G) and let
<ω } is a family of subgroups of G closed under finite intersections. Then T G is the topology such that C is a local base at
The topological group (G, T G ) is Hausdorff if and only if Z(G) = {e G }. In case G is a finitely generated group, T G = δ G whenever Z(G) is trivial, that is when T G is Hausdorff. If G is an abelian group then
The next proposition concerns the case when the topology on the domain is discrete. 
Proof. Note that M is {e G }-thin for every M ⊆ G. 
(a) In this case f is A-open if and only if for every
c) In this case f is strongly A-open if and only if for every
Assume that ker f ⊆ Z(G) and f (c G (g)) is σ-open for every g ∈ G. Let g ∈ G. There exists
As a corollary of this proposition we obtain the next result, which is [2, Corollary 5]. We write it in terms of the centralizer and the topology of Taȋmanov. This example shows also that a section which is a quasihomomorphism is not always a section which makes f strongly A * -open. (c) every continuous isomorphism f : (G, τ ) → (H, σ) is semitopological, for every group G and for every group topologies τ, σ;
Proof. In [2] the case when the topology on the codomain is indiscrete was not considered and this is done in Proposition 5.9 for surjective homomorphisms and in its Corollary 5.11 for isomorphisms. Since q(ker f ) = ker f / ker f is indiscrete, then q(ker f ) ⊆ N τq . But q(ker f ) is closed, because ker f ⊇ ker f = ker q, and so q(ker f ) = N τq . Since q(G ′ ker f ) = q(G ′ ) = (G/ ker f ) ′ , so (G/ ker f ) ′ ⊆ N τq = q(ker f ) if and only if q(G ′ ker f ) ⊆ q(ker f ). Since both G ′ ker f and ker f contain ker f , so
(b) In this case f is A * -open if and only if there exists a section s of f such that for every
(c) Suppose that f is strongly A-open. Moreover for every U ∈ V (G,τ ) (e G ) and for every g ∈ G we have [g, G] ⊆ U and so
(d) If f is semitopological there exists an A-extension ( G, τ ) with f : ( G, τ ) → (H, σ) open continuous surjective homomorphism. Then N = ker f has the required properties by Proposition 4.2.
Suppose that there exists a dense normal subgroup N of ( G, τ ) such that G = GN and N ∩ G = ker f . Let f : G → H be defined by f (gn) = f (g) for every g ∈ G, n ∈ N . Note that G/N is algebraically isomorphic to G/ ker f and so to H. Being N dense in ( G, τ ) , τ q on G/N is the indiscrete topology and so ( G/N, ι G/N ) is topologically isomorphic to (H, ι H ). Hence f is open and ( G, τ ) with f is an A-extension of f , which in particular is semitopological.
As noted in the foregoing proof the condition G ′ ⊆ N τ yields that (G, τ ) is SIN.
In the next corollary of Proposition 5.9 we consider the case when the topology on the domain is Hausdorff and the topology on the codomain is indiscrete. The next example shows that in general neither semitopological nor strongly A-open imply the existence of a section which is a quasihomomorphism. Moreover this is an example of a continuous surjective homomorphism of abelian groups which has no section that is a quasihomomorphism.
Example 5.13. Let G, H be abelian groups and f : (G, δ G ) → (H, ι H ) a continuous surjective homomorphism such that ker f is not a direct summand of G; in particular G ∼ = ker f × H. Then f is strongly A-open by Corollary 5.12 and in particular it is semitopological by Corollary 5.5. Let s be a section of f . By Remark 4.14 if s is a quasihomomorphism then s is a homomorphism and s cannot be a homomorphism because G ∼ = ker f × H.
Almost discrete topologies
To find some examples and counterexamples we consider topologies which are very close to be discrete.
First examples of almost discrete group topologies on a group G are δ G (N δ G = {e G }) and ι G (N ι G = G). Quotients of almost dicrete groups are almost discrete. Every finite topological group is almost discrete and every almost discrete group is SIN. 
Assume that there exists a section s of f such that [G,
The next result is a consequence of Propositions 5.2 and 5.9.
Corollary 5.17. Let (G, τ ), (H, σ) be almost discrete topological groups and f : (G, τ ) → (H, σ) a continuous surjective homomorphism.
(1) If τ = δ G , then:
(2) If σ = ι H , then:
Let G be a non-trivial group. The upper central series of G is defined by
Example 5.18. Let G be a group and τ an almost discrete group topology on G. Consider
In particular this example shows that in general the composition of semitopological isomorphisms could be not semitopological: if G is non-abelian and
If G is nilpotent of class 2 and In case τ is Hausdorff, s is a quasihomomorphism if and only if s ↾ Nσ is a homomorphism.
Proof. Suppose that s is a quasihomomorphism. Then s ′ : (H×H, σ×σ) → (G, τ ), defined by s ′ (x, y) = s(x)s(y)s(xy) −1 for every x, y ∈ H, is continuous at (e H , e H ). This means that s(x)s(y)s(xy) −1 ∈ U ∈V (G,τ ) (e G ) U = N τ for every x, y ∈ N σ . Hence q(s(x)s(y)s(xy) −1 ) = e G/Nτ and so q(s(x))q(s(y)) = q(s(xy)) for every x, y ∈ N σ .
To prove the converse implication assume that q • s ↾ Nσ is a homomorphism. Let x, y ∈ N σ . Then q(s(xy)) = q(s(x))q(s(y)) = q(s(x)s(y)) and consequently s ′ (x, y) = s(x)s(y)s(xy) −1 ∈ N τ for every x, y ∈ H. Moreover q(s(y)s(x)s(y) −1 s(yxy
, these two properties prove that s is a quasihomomorphism.
The next example shows that the property A-open could be strictly weaker than A * -open.
Example 5.21. Let G be a nilpotent group of class 3 and f = q : G → G/Z(G) = H the canonical projection. Endow G with δ G and H with the almost discrete topology σ such that
Then for every U ∈ V (G,τ ) (e G ) and for every g ∈ G,
In the following diagram we collect the relations among the main properties we have considered. 
Proof. (a) Note that if S is a subset of G, then
To prove this let
(c) Let s : H → G be a section of f that witnesses that f is strongly A * -open. By the proof of (b) s ↾ N is a section of f ↾ f −1 (N ) that witnesses that f ↾ f −1 (N ) is A * -open. Now we have that s is a also a quasihomomorphism and we need only to prove that s ↾ N is a quasihomomorphism. This is true because
As noted for the previous theorem, in categorical terms Theorem 1.7(a) says that S i is closed under pullback with respect to topological embeddings. From now on we consider only one group as support for two group topologies one stronger than the other and as the continuous isomorphisms we take the identity map. In this setting the topological embedding is the embedding of a topological subgroup. As shown in the introduction this causes no loss of generality. In the following diagram G is a group and τ ≥ σ group topologies on G, while N is a subgroup of G and 1 N : (N, τ ↾ N ) → (N, σ ↾ N ) is the pullback of 1 G : (G, τ ) → (G, σ) with respect to the topological embedding (N, σ ↾ N ) → (G, σ).
We consider in Theorem 6.3 the more general stability of S i under pullback along continuous injective homomorphisms.
Lemma 6.2. Let G be a group and τ ≥ σ ≤ σ ′ group topologies on G.
Proof. The situation of the topologies is the following:
By Remark 4.27 in case of isomorphisms semitopological is equivalent to strongly A-open. Let 
Stability under taking compositions
Now we consider the behavior of semitopological homomorphisms with respect to compositions. Obviously S is not stable under taking compositions, since its subclass S i is already not stable under taking compositions.
an open continuous homomorphism and f 2 : (K, ρ) → (H, σ) a continuous isomorphism. Then the following are equivalent:
There exists U ∈ V (G,τ ) (e G ) such that f 1 (U ) = W . There exists V ∈ V (H,σ) (e H ) such that f −1 (V ) is f −1 (f (U ))-thin. This means that there exists U ′ ∈ V (G,τ ) (e G ) such that xU ′ x −1 ⊆ f −1 (f (U )) for every x ∈ f −1 (V ). Then, since f 2 is an isomorphism,
Proof. Consider the quotient (G/ ker f, τ q ), the canonical projection q : G → G/ ker f and
By the first homomorphism theorem for topological groups f ′ : (G/ ker f, τ q ) → (H, σ) is a continuous isomorphism and it is semitopological thanks to Corollary 6.5. By Theorem 1.7(a)
is semitopological. Note that σ ↾ Nσ = ι Nσ and apply Corollary 5.12 to conclude that N σ is abelian.
In Proposition 6.4 we have considered f = f 2 • f 1 where f 1 is an open continuous surjective homomorphism and f 2 a continuous isomorphism. Now we consider the opposite case, that is when f 1 is a continuous isomorphism and f 2 an open homomorphism, and see that the situation is not symmetric. In fact the following example shows that one of the implications does not hold true.
Example 6.8. Let G be a topological group which is not abelian and H = G/G ′ . Moreover let
is semitopological because H is abelian, while f 1 is not semitopological by Corollary 5.5.
The converse implication holds. Together with Proposition 6.4 we obtain the following result. Being f 1 an isomorphism, as noted in the introduction we can suppose without loss of generality that G = K, f 1 = 1 G and that τ ≥ ρ are group topologies on G. Let U ∈ V (G,τ ) (e G ). There exists W ∈ V (G,ρ) (e G ) such that W is U -thin, i.e. there exists U ′ ∈ V (G,τ ) (e G ) such that
As noted also after Proposition 6.4 one can ask if the conclusion of this proposition could be that f is semitopological (see Question 7.4(b)). 
and for every i ∈ I let s i : H i → G i be a section of f i ; then s = i∈I s i is a section of f . For every j ∈ {i 1 , . . . , i n } there exists
For every j ∈ {i 1 , . . . , i n } there exists V g j ∈ V (H j ,σ j ) (e H j ) such that [g j , s j (V g j )] ⊆ U j . Then V g = V g i 1 × · · · × V g in × i∈I\{i 1 ,...,in} H i ∈ V (H,σ) (e H ) is such that [g, s(V g )] ⊆ U . Then f : (G, τ ) → (H, σ) is A * -open.
Assume that f : (G, τ ) → (H, σ) is A * -open and let s : H → G be the section of f that witnesses that f is A * -open. Let i ∈ I and U i ∈ V (G i ,τ i ) (e G i ). Note that s i = s ↾ H i is a section of f i . Then U = U i × j∈I\{i} G j ∈ V (G,τ ) (e G ). There exists V = j∈I V j ∈ V (H,σ) (e H ), where V j ∈ V (H j ,σ j ) (e H j ) and V j = H j for all but finitely many j ∈ I, such that s(V ) is U -thin. This means that there exists U ′ = i∈I U ′ i ∈ V (G,τ ) (e G ) such that s(x)U ′ s(x) −1 ⊆ U for all x ∈ V . In particular s(x i )U ′ i s(x i ) −1 ⊆ U ∩ G i = U i for all x i ∈ V i and so s i (V i ) is U i -thin. Let g i ∈ G i and g = (g j ) j∈I such that g j = e G j for each j = i. There exists V g = j∈I (V g ) i ∈ V (H,σ) (e H ), where (V g ) j ∈ V (H j ,σ j ) (e H j ) and (V g ) j = H j for all but finitely many j ∈ I, such that (e) Suppose that f i : (G i , τ i ) → (H i , σ i ) is strongly A-open for every i ∈ I. Let U = U i 1 × · · · × U in × i∈I\{i 1 ,...,in} G i ∈ V (G,τ ) (e G ). For every j ∈ {i 1 , . . . , i n } there exists V j ∈ V (H j ,σ j ) (e H j ) such that f −1 j (V j ) is U j -thin. Then V = V i 1 × · · · × V in × i∈I\{i 1 ,...,in} H i ∈ V (H,σ) (e H ) is such that f −1 (V ) is U -thin. Let g = (g i ) i∈I ∈ G. For every j ∈ {i 1 , . . . , i n } there exists V g j ∈ V (H j ,σ j ) (e H j ) such that [g j , f In (a) of this theorem it is not clear if the converse implication holds in general. In view of (b) and since semitopological coincides with A-open for isomorphisms, it holds true for isomorphisms (so also the converse implication of Theorem 1.8 holds). Moreover it holds true in the particular case of the following example.
Example 6.16. Let G 1 , G 2 , H 1 , H 2 be topological groups and f i : G i → H i a continuous surjective homomorphism for i = 1, 2. Moreover G = G 1 × G 2 , H = H 1 × H 2 and f = f 1 × f 2 . If f is semitopological and G 2 is a normal subgroup of the A-extension G, then f 1 is semitopological. In fact in this case G 1 is topologically isomorphic to a normal subgroup of G/G 2 . Moreover let f 1 : G/G 2 → H 1 be the homomorphism induced by the open continuous homomorphism f associated to G. Hence f 1 is open.
If Z(G 1 ) is trivial and G 2 is abelian, then G 2 = Z(G) and in particular G 2 is normal in G.
Open questions
We sum up in the following graph the relations that we know and do not know among the properties we have introduced and the already defined ones (for continuous surjective homomorphisms of topological groups). We give here more properties that those in Moreover we remind here the open problems left in [2] about semitopological isomorphisms, that we discuss in [3] . • Which are the continuous isomorphisms of topological groups that are compositions of semitopological isomorphisms?
• Is every continuous isomorphism of topological groups composition of semitopological isomorphisms?
The same problems could be posed for semitopological and d-semitopological homomorphisms.
